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ABSTRACT

We introduce a notion of magic words and, through them, we present a
lattice of sub-synchronizing subshifts which describes the synchronizing
parts of a sofic shift S. We show that topological conjugacy maps sub-
synchronizing subshifts onto sub-synchronizing subshifts, it preserves their
mutual relationship (i.e. the corresponding lattices are isomorphic) and the
corresponding covers within the Krieger covers are topologically conjugate.
Using the magic words, a full characterization of the syntactic monoid of
a shift of finite type is given. We show that a synchroﬁizing deterministic
presentation of every sub-synchronizing subshift of S can be seen within a
two-sided ideal of the syntactic monoid of S.

Introduction

Sofic shifts appeared in symbolic dynamics with the paper of Weiss [19] where
they were defined as images of shifts of finite type under factor maps. Fischer [5]
showed that every sofic shift can be presented by a finite directed labeled graph.
This implies that the factor language of a sofic shift is a regular language, and
thus, it nas a finite syntactic semigroup.

Synchronizing words have been studied since the beginning of auntomata
theory. They correspond to the constant functions of the transition monoid
of an automaton. Synchronizing words have also been considered in symbolic
dynamics and in coding theory, where sometimes they are called “magic” or “re-
solving blocks” (see for example {12]). In [10] they are called “finitary” blocks.
Blanchard and Hansel [2] introduced “coded systems” and “synchronizing sys-
tems” which are irreducible but not necessarily sofic, as a generalization of the
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irreducible sofic shifts. Doris and Ulf Fiebig [4] investigated coded synchroniz-
ing shifts not necessarily sofic. Sofic shifts with synchronizing presentations (not
necessarily irreducible) were investigated in [7].

In this paper, in Section 1, we introduce a notion of “magic synchronizing”
words of sofic shifts which, in some sense, captures the synchronizing part of
a deterministic presentation of a sofic shift. In fact, magic words determine
the set of periodic points of a sofic shift that have singletons as preimages in
the Krieger covers (right or left) (Proposition 1.9). Via these words we de-
fine sub-synchronizing subshifts of sofic shifts. The sub-synchronizing subshifts
of a sofic shift form a lattice. We show that a topological conjugacy maps
sub-synchronizing subshifts onto sub-synchronizing subshifts and their mutual
relationship is preserved (Proposition 1.12 and Corollary 1.13). The covers of
sub-synchronizing subshifts within the Krieger covers of conjugate sofic shifts are
also conjugate (Corollary 1.14). This invariant is significant for the reducible
sofic shifts, since every irreducible sofic shift is synchronizing. For this purpose
we present an example (1.4) of two sofic shifts that have the same entropy and
the same zeta function, but one is synchronizing and the other is not.

Several general properties of the syntactic monoid of a sofic shift are given in
Section 2 (Corollary 2.5). We show that a sofic shift has a sub-synchronizing
subshift iff the ideal formed by the constant words in the syntactic semigroup
has a regular D-class. It follows that the regular D-classes in this ideal are
preserved by a conjugacy (Corollary 2.7). At the end of Section 2, using magic
words and the right Krieger cover, we give a full characterization of the syntactic
monoid of a shift of finite type (Proposition 2.8) which is a restatement of the
characterization stated in [13].

An intrinsic characterization of a synchronizing sofic shift via the syntactic
monoid was given in [7] and we use a similar approach in Section 3 to characterize
the sub-synchronizing shifts via certain right ideals. We show that the structure
of the sub-synchronizing subshifts and their presentations can be obtained from
the syntactic monoid through the regular D-classes of the ideal formed by the
constant words (Corollary 3.5).

We end our presentation with a discussion on co-synchronizing and bi-
synchronizing sofic shifts.

We start with some definitions and background properties.

Let A be a finite set which we will call an alphabet. Finite sequences of
elements in A are called words. The set of all words (i.e. the free monoid
generated by A) is denoted by A*. The set of all words with positive length (i.e.
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the free semigroup generated by A) is denoted by A*. A subset of A* is called a
language.

The length of the word z = a; - - - ax, is k and is denoted by [z|. The identity
element in A* is the empty word denoted by 1. We will denote by AZ* the subset
of A* containing the words with length greater than or equal to k.

Let G = (V, E, )\) be a finite directed graph with vertices (states) V, edges F
and a labeling function A: E — A. We define two functions: source s: £ — V
and target t: E — V representing the source and the target of an edge. A sofic
shift S = S(G) is the set of all bi-infinite sequences obtained by reading the
labels of bi-infinite paths of G. We say that G is a presentation of S. We will
always assume that G is trimmed such that every vertex lies on a bi-infinite path,
i.e. the functions s and ¢ are onto.

The graph shift S¢ presented by the graph G is the sofic shift presented by
(V,E,1g), i.e. the shift obtained by taking the alphabet to be A = E and the
labeling function to be A = 1g, the identity on E.

If the discrete topology is assigned to A and the product topology is assigned to
AZ_ then the sofic shift S is a compact subset of AZ. The shift map o: AZ — A%
is defined by (o(e)); = a;y1. It is easy to see that o is a homeomorphism and
that S is shift invariant.

The factor language F(S) of a sofic shift S is the set of all words which
appear in elements of S, i.e. F(S) = {a1---an|3a € 5,3j € Z,aj41 - 0jyn =
aj--+an}. We will call the elements of F(S) factors. Because of the closure
property of S, the factor language F(S) uniquely determines S, i.e. S; = Sz iff
F(S1) = F(S2). The left infinite sequence ---a_sa_; of a € S will be called
the left ray of a and denoted by a~. Sometimes we will abuse this notation
and will write o~ for ---a_;_sa_;_ja_; for a positive integer i. Similarly the
right infinite sequence aga; - - - will be called the right ray of o and denoted by
at. We will write @« = a~a. The set of factors that appear in a € S will be
denoted by F(a). For a language L, F'(L) denotes the set of factors of words in
L ie. F(L)={yl3z,z € A*,zyz € L}.

The sequence a € S is periodic if there is u = a; - - - a, € F(S) such that for
all ¢ € Z, agiy1 .- . agitk = w. In that case we will write o = u“.

A presentation G of a sofic shift S may be regarded as a finite state automaton
with all states being initial and terminal, which recognizes the factor language
F(S). The language recognized by a presentation G will be denoted by L(G).
Thus the factor language F(S) is always regular. It is easily seen that F(S) is
also prolongable (i.e. Vz € F(S),3a,b € A such that azb € F(S)) and factorial
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(meaning each factor of a word in F(S) is also in F(S)}). The converse is also
true: if a language L is factorial, prolongable and regular (FPR), then there is
a sofic shift § such that L = F(S) ([2] or [7]).

A presentation G is deterministic if for every vertex in G the outgoing edges
are labeled distinctly. This presentation is also known as right resolving. It is
very well known that every sofic shift has a deterministic presentation. In a
deterministic presentation, for an edge e with s(e) = v, t(e) = w and A(e) = a
we will write va = w. We extend this notation for paths by writing vz = w
for a path from v to w with a label z. The right context of v in G is the set
R(v,G) = {z € A*|Fw € V,vz = w}. We will write R(v) when G is understood.
Similarly we define the left context of v to be the set of words which are labels
of all paths that end at v. We say that G is reduced if no two vertices in G
have same right contexts. The process of identifying vertices with same right
contexts is called reduction. It is easy to see that if G' is obtained from G by
reduction, then G’ is reduced and the reduction induces a label preserving graph
homomorphism from G onto G’ and both G and G’ present the same sofic shift.

For a word z € L. C A* we define the right context of z in L to be the set
R(z,L) = {y € A*jzy € L}. Again, we will write R(z) when L is understood
from the context. Similarly, we define the left context of z to be the set of
words which can precede z in L.

A vertex v is synchronizing if there is a word m, such that every path in G
with label m, ends at v. We say that m, is synchronizing for G at the vertex
v. A presentation G is synchronizing if every vertex in G is synchronizing. A
sofic shift is called synchronizing if it has a synchronizing presentation. It was
shown in [7] that every synchronizing sofic shift has a synchronizing deterministic
presentation.

Let L C A* be a language. The word m is constant for L if for all 1,2, € A*
if zym and mz, are in L, then zymz, is also in L. It is clear that if m is a
constant then for every z; and z2, 1m and mz; are also constants. A constant
word m is called synchronizing for the language L if m € L. Note that every
synchronizing word of a presentation G of a sofic shift S is also a constant word
for the language F(S) ([18]). Following this note and Proposition 0.1 below, we
see that for every sofic shift S, the factor language F'(S) has a synchronizing
word.

ProposiTION 0.1 (5] and [10]): If G is a reduced deterministic presentation of
a sofic shift S, then G has a synchronizing word.

Often we will refer to the synchronizing words for F(S) as synchronizing words
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for S.

PROPOSITION 0.2 ([7]): S is synchronizing iff for every x € F(S) there is a
synchronizing word m for F(S) such that mz € F(S).

We say that G’ = (V',E’,X’) is a subgraph of the sofic presentation G =
(V,E,X) if V! C V, every edge e € E with s(e),t(e) € V' is also in E’ and
XN = ME'. G’ is a terminal subgraph of G if Ve € E s(e) € V' = i(e) € V.
The subgraph of G determined by the set, of synchronizing vertices will be denoted
by T(G). Clearly, T(G) is a terminal subgraph of G, and in the case when G is
synchronizing, T'(G) = G.

Let K be a presentation of S obtained by constructing the usual minimal
deterministic automaton (with unique initial state) which recognizes the factor
language F(S) and erasing the vertices which do not lie on bi-infinite paths.
This presentation is called the right Krieger cover for S (see [10]). The fol-
lowing proposition says that T(K) is the ‘maximal’ synchronizing part that a
deterministic presentation of S can have.

PrOPOSITION 0.3: (a) ([7]) If G is a reduced deterministic presentation of S,
then T(G) is isomorphic to a terminal subgraph of T(K).

(b) {|7] and [18]) The set of synchronizing words for S is equal to the set of
synchronizing words for K.

(c) For each word x € F(S) there is y € F(S) such that xy is synchronizing
for S.

Proof: The proof of (c) follows the same line of argument as Lemma 2 in [5].
|

An FPR language L is called transitive if for all z,y € L there is a z such
that zzy € L. A sofic shift is called irreducible if F(S) is transitive.

ProproOSITION 0.4 ([5]): A sofic shift is irreducible iff it can be presented with a
strongly connected graph.

It is well known that irreducible sofic shifts, together with subshifts of finite
type and non-wondering sofic shifts, are synchronizing (see for example {7]).

The strongly connected components of a presentation G will be called
irreducible components. It is clear that if a vertex of a strongly connected
component is in T(G), then the whole strongly connected component is in T'(G).

An irreducible component C of G is called initial if there is no path from any
other irreducible component to a vertex in C.



226 N. JONOSKA Isr. J. Math.

We mention some well known facts and definitions about continuous shift
commuting maps on sofic shifts (see for example [12], originally in [6]). Let
S1, S, C AZ be two sofic shifts. If S; and S, are shifts over different alphabets,
B, and B,, we will assume that A = B; U B;. A function f: S; — S5 is called
a k-block map if there is an integer k£ > 0 and a function f,: A%**1 — A such
that (f(@)); = felctizg, -+, iy ..., Qi4k). It can be shown that every continuous
shift commuting map is a k-block map for some k ([6] or [12]). A topological
conjugacy is a bijective k-block map. It follows that an inverse of a k-block
map is a k’-block map for some k'.

NoTEe 0.5: Every k-block map f is also an m-block map f' for every m > k by
taking fl(ag, ..., Q2m) = fe(Cm—k, - Omtk)

A subshift of finite type (SFT) is defined to be a sofic shift S with the
property that there is n > 0 such that every z € F(S) with length > n is
synchronizing. The graph shift Sg of a graph G is an SFT with n = 1, since
every edge is a synchronizing word for Sg. The labeling function A: E =+ A of G
generates a O-block map A from E? to A% and so S is a factor image of Sg, i.e.
A(Sg) = S. It is a well known fact that every subshift of finite type is conjugate
to a graph shift. Lemma 1.2 in [9] shows that when S is an SFT and X is its right
Krieger cover, then A is conjugacy. This implies that in this case, T(K) = K.

1. Sub-synchronizing subshifts

Let L C A* be a language. A synchronizing word m is magic for L if there is
z € L such that mzm € L. We will call the magic synchronizing words for F{S)
magic synchronizing for the sofic shift S. The set of magic synchronizing words
for S will be denoted by M(S).

A synchronizing word m for a presentation G is called magic if there is a path
with label m in G within one irreducible component of G. A synchronizing word
m of G is transient if there are two vertices v; and v2 not in the same irreducible
component and v;ym = v;. Note that a synchronizing word can be both magic
and transient for G.

PROPOSITION 1.1: A word m is a magic synchronizing word for S iff it is a magic
synchronizing word for the right Krieger cover K.

Proof: If m is magic for S, then m is synchronizing for K (by Proposition 0.3(b)).
Let v be the synchronizing vertex for m. There is  such that mam € F(S) and
so vzm = v and the path starting at v with label £m is within the irreducible
component of v. Thus m is magic for K.
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Converse: If m is magic for K then there are vertices v; and vs within same
irreducible component with vym = v3. But there is a path from v, to v, in K. If
z is the label of that path, mam € F(S). |

Note 1.2: By Proposition 1.1, if m is magic for a deterministic presentation G
of S then it is magic for K and for S.

We say that the shift S’ C S is a sub-synchronizing subshift of § if there
is a set of magic synchronizing words Mg, for S such that F(S’) is the set of
factors of the words in the right context of words in Mg, i.e. F(5') = {y|FIm €
Mg/, 3z € A* mzy € F(S)}. By definition F(S’) is factorial language. F(S")
is also prolongable: Let y € F(S') and may € F(S) for some z. Then there is
a € A such that mzya € F(S) and so ya € F(S’). Proposition 1.3 below shows
that F(S') is also regular. So S’ is a sofic shift. We will say that Mg defines
S'. I M is a set of magic synchronizing words that defines sub-synchronizing
subshift S’, we will write S’ = S(M). In the case when M = {m}, we will write
S(m) instead of S({m}).

It is clear that if m € F(S’) is synchronizing for S, then it will be synchronizing
for §’. But our definition requires even more. Since every magic word is in the
set of factors of its right context, i.e. m € F(R(m)), the set Mg is contained in
F(S'). So &' inherits a set of magic words from S.

Obviously, S has a sub-synchronizing subshift iff M(S) # 0, i.e. iff the right
Krieger cover has a magic synchronizing word.

PRrROPOSITION 1.3: Let S be a sofic shift and K its right Krieger cover. If S’ is a
sub-synchronizing subshift of S then there is a terminal subgraph of T(K) which
is a presentation of S'.

Proof: By Proposition 1.1, m is a magic word for S iff m is magic for . Let
S’ be defined by the set Mg/, i.e. S(Mg/) = &', and let Vs be the set of vertices
of K which contain words from Mg in their left contexts. Let V' = {v|3w €
Vum, 3z, we = v}. Obviously V' is not empty and V' determines a terminal
subgraph G’ of T(K). It is also clear that Mg, C L{G’). We need to show that G’
is a presentation of §’. By definition of G’ and &', L(G’) C F(5'). Let z € F(S').
By the definition of S’, there is a word m € Mg such that myz € F(S) for some
y. If vy, € Viy is a synchronizing vertex in K corresponding to m, then there is a

path in G’ starting at v,, with label yz. Hence, z is in the language recognized
by G, ie. L(G') = F(9'). |

COROLLARY 1.4: S has only a finite number of sub-synchronizing subshifts.
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Proof: Follows from the fact that I has only a finite number of terminal sub-
graphs. 1

We note here that if S is an irreducible sofic shift, then S is the only sub-
synchronizing subshift of S.

PROPOSITION 1.5: A sub-synchronizing shift is synchronizing.

Proof: Let S’ be sub-synchronizing of S and Mg a set of magic words such
that S(Mg/) = S’. By the definition of magic words, each word in Mg is a
factor of its right context, so Mg C F(S’). We observe that m € Mg is also
synchronizing for S’. Let z and y be such that xm, my € F(S"). By definition of
S’, there is m' € Mg and z such that m’zzm € F(S). Since m is synchronizing
for F(S), m'zzmy € F(S) and thus zmy € F(S). Now by Proposition 0.2 and
the definition of S’, S’ is synchronizing. |

We note here that it follows from the definition of a synchronizing sofic shift
and the above proposition that

COROLLARY 1.6: S is synchronizing iff it is a sub-synchronizing subshift of itself.

COROLLARY 1.7: If S’ is sub-synchronizing of S then there is a finite set Mg of
magic words that defines S’.

Proof: Let G’ be the terminal subgraph of T(K) which is a presentation of S’.
By the definition of G’ (in the proof of Proposition 1.3) each initial irreducible
component of G’ has a magic word. Let Mg be the set of magic synchronizing
words such that z € Mg iff z is in an initial component of G’ and if z # y then
z and y belong to different initial components of G’. Then Mg is a finite set of
magic words which defines §’. ]

If we compare Proposition 0.2 and Corollaries 1.6 and 1.7 we see that the
factor language of a synchronizing sofic shift is contained in the set of factors of
the words in the right context of a finite set of magic words. In other words,
S is synchronizing iff there is a finite set of magic words M such that F(S) =

Unnen F(R(m)).
PROPOSITION 1.8: Let G be a reduced deterministic presentation of S and let

T(G) be a presentation of a subshift S’. If S is not sub-synchronizing, then G
has a transient synchronizing word which is not magic in S.

Proof: Since T(G) is a presentation of a sofic shift, the initial irreducible com-
ponents are presentations of irreducible sofic shifts. Assume that every initial
component of 7(G) has a path whose label is a magic word in G. Let Mg be
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the set of the magic words which are labels of paths in an initial component of
T(G). Then S’ is a sub-synchronizing of S defined via Mg.. So, if T(G) is not
a presentation of a sub-synchronizing subshift then there is an initial component
C of T(G) which ‘does not contain’ a magic word for G. But each vertex in
C' is synchronizing for G, so the synchronizing words for vertices in C' must be
transient and not magic for G. |

With the following proposition we show what is the relationship between the
periodic points of S and the magic words. It shows that the magic words deter-
mine the set of periodic points in S whose preimages in the right Krieger cover
are singletons.

ProposITION 1.9: Let K = (V, E, X) be the right Krieger cover for S and let
A: S — S be the 0-block map generated by A. Let a € S be a periodic sequence.
Then |A~!(a)| = 1 iff there is a magic synchronizing word m such that o« = m®.

Proof: LetY = {a € S|Vi € Z,3j < i,ajajt1--- ¢ is synchronizing for S}. By
Lemma 2.6 in [10], for each o € Y, |A"!(a)| = 1. If @ € S is such that o = m¥,
and m is synchronizing, then a € Y.

Conversely, assume that o = z* and that |A=(«)| = 1. It is sufficient to show
that for some k, z* is a synchronizing word for XC and thus for S. Suppose that
for each k, ¥ is not synchronizing for . Then, for each &, there are at least two
paths, p(lk) and pgk), in K with )\(pgk)) = /\(pék)) = z*. Since K is deterministic,
we can consider the end vertices of these paths, u; and vy, respectively. There are
finite number of vertices in K, so there are a finite number of pairs (ug, vy ), i.e. for
some k' > k the paths pgk) and pgkl) have the same initial and terminal vertices
(i =1,2). So (uk,vk) = (ukr,vkr). If ug # vg for all k, then |A~1((z*)*)]| > 2 (ie.
there are two distinct loops with label 2* for some s) which is a contradiction to
the assumptions. Thus v = uy for some k, i.e. £*

is a synchronizing word for K.

Let m; and mg be magic synchronizing words for S. We say that m; and
mg are equivalent, and write m; ~ mg, if there are words z,y such that
myixzme, maymy € F(S). It follows from the definition of magic synchronizing
words and the definition of ~ that ~ is an equivalence relation. We will donote
the set of equivalence classes of M(S) by £ and the equivalence class of m by m.
It follows from Corollaries 1.4 and 1.7 and the definition of ~ that & is finite.

PROPOSITION 1.10: For every m € m, §(m) = S(m).

Proof: Tt is clear that S(m) C S(). Let z € F(S(m)). Then there is m’ € m
and z such that m'zz € F(S). Since m ~ m/, there are y; and y, such that
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m'yym, mysm’ € F(S). But m’ is synchronizing, so myam’zz € F(S), i.e. z €
F(S(m)). | |

We define a partial order on £ with m; < my if there are m; € my, mos € my
and z such that mgazm; € F(S). It is easy to check that the relation < is a
partial order on £ since each of m € m are synchronizing and magic. Similarly,
as in Proposition 1.10, we can show that

m; <m; implies &(m;) C S(my)

which defines a lattice of sub-synchronizing subshifts of S. Elements of this
lattice are the sub-synchronizing subshifts of S and the (). The operations of this
lattice are defined by S'vS”" =5 US"and S AS" =5nNnS"if5NS"isa
sub-synchronizing subshift of S and S’ A §” = 0 otherwise. We will denote this
lattice by L.

We have that S(m;) V S(mz) = S(m;) US(my) = S(m; Umy). Let S’ be
a sub-synchronizing subshift of S defined through a set of magic words M, i.e.
S' =8(M). Let M = {m|lmn M # 0}. Then by Proposition 1.10,

§'=8M)=8M)= | Sm
meM

So every element in £ is defined by a union of elements in £.

In fact, the partial order relation preserves the order of the strongly connected
components of the right Krieger cover. If m; is equivalent to mz then there are
paths within one irreducible component of K with labels m; and my;. We can
look at each equivalence class as a representative of an irreducible component of
K containing a magic synchronizing word. And if m; < my, then there is a path
from the irreducible component of ms to the irreducible component of m;.

LEMMA 1.11: For all k > 0 and every m € £ there is m € m with |m| > k and
m! € m for every i = 1,2,3,....

Proof: Let m be a magic synchronizing word for S and m its equivalence class
in £. Then there is 2 such that mazm € F(S). Since m is synchronizing, (mz)* €
F(S) is magic synchronizing for each i > 0 and (mz)* € m. Let j be such that
|(mz)7| > k. Then m’ = (mz)’ is in m and (m')* € m for every i = 1,2,3,....
|

We note that if m satisfies the condition of Lemma 1.11, then m/, j = 1,2,3,...
satisfies the condition of Lemma 1.11 too.
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In order to facilitate the proofs of the main results of this section we will need
the following definition.

Let f: S; — S, be a k-block map defined via f,: A%**! —» 4. We define
pp: AZ(Zk+1) 5 A* in the following way: if s > 2k + 1 then

drlar---as) = fular, ..., a2k41) - fil@s-gk,- -, as)-

By the above definition, if a word x has length s > 2k + 1 then the word ¢s(z)
has length s — 2k. Also, it follows directly that if z € F'(a) for some a € S; then

¢(z) € F(f(a))-

PROPOSITION 1.12: Let S;,S, C AZ be two sofic shifts and let f: S; — Sa
be a topological conjugacy. Let L; and Ly be the lattices of sub-synchronizing
subshifts of S; and S5, respectively. Then there is an isomorphism ®¢: L1 — Ls.

Proof: Since f is topological conjugacy, f is a ki-block map, and there is an
inverse map f~!. It is well known that the inverse of a topological conjugacy is
also a topological conjugacy (see for example [6] or [12]), i.e. f~! is a ko-block
map for some kz. Let k' = max{k;,k2}. By Note 0.5, both f and f~! are
k’-block maps.

Let &3, &2 be the sets of equivalence classes of M(S1), M(S2) respectively and
let m € £;. Let 72 be a magic synchronizing word in m such that |#] > k¥’ and
At € m for all i = 1,2,3,... (exists by Lemma 1.11). Since £ is finite, it follows
from Lemma 1.11 that there is k > &’ such that for all m € &, there is /h € m
with || = k and m* € m for all i = 1,2,3,.... (For example, for each m we
pick 7 € m with || > k¥’ and take k to be the least common multiplier of the
lengths of 7. So 7 = 7® for some s.) By Note 0.5, both f and f~! are k-block
maps.

Define ®¢: L1 — Lo with the following:

Vm € &, @¢(S(m)) = &4(S(m)) = S(es (1))

and @ ;(S(r Urha)) = &;(S(in)) U @ ;(S(ria)).

First we will show that ¢¢(®) = m’ € F(S,) is a magic synchronizing word for
S,. The length of 8 is 6k, and so the length of m’ is 4k. Let @ = a~m8a™ such
that a_sp - ag---asg—1 = Mm% and let 8 = f(a). Then B_ok---Bo---Bak—1 =
¢5(m8) =m’. Since f~1(B) = o, we have that

(*)  @p-r(m') =1 (B_gk - Po- Pak—1) =0k g Og_1 = TR
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Let y1,y2 € F(S2) be such that y3m' and m'ys are in F(S,). There are &
and 8" in Sy such that 8 = Byyim/Bf and B” = B; m'yeBS. Since S, is

shift invariant, we can take 3" o, -+ By~ Bh_q = B or -0 -

1 !
‘Pog—g = M.
Let o/ = f~1(f) = ajmmaf and o’ = f~1(8") = aymmad. Since M is
synchronizing and S; is compact, @ = o] uhay € S and f(@) = v € So. We
will show that y;m'ys € F(v). Since S; is shift invariant, we can assume that

— aA ' ’ ! 4 14 "
a_k...ao...ak_l:mm:a_k...ao...ak_l:a__k...ao...ak_l'
In that case, for each ¢ > 0 we have:

Y-i = f*(a—i—ka cey Oy a&—i-Hc) = f*(a/wi—ka .- 'aa,—-ia s 1al—i+k) = ﬂl—iv

Yi = fel @iy s @iy Qig) = ful O gy 0f 0l ) = B)

and for ¢ = 0 we have v = ¢f(rvhay) = ¢p(ma)) = By = Fy. So v =
(B) (B = BryiBlon- BLaf -+ Bik_1y2B7 = Bryim'y2B3 which shows
that y1m’ys is in the factor set F/(Sy), i.e. m’ is synchronizing for F(S2). We see
that m/ is magic, since m!2 € F(S;) and ¢¢(m!%) = m'm’ € F(S,).

Now we show that @ is well defined. Let # € m with |A| > k' and #* € m for
all i > 0. Let ¢f (A®) = n'. Since 7, A € m, there are z,y such that Az, hyn €
F(S;). But 7h and 7 are magic synchronizing words and satisfy Lemma 1.11,
so Alzmiynl € F(S;) for all 4,4,0 > 0. Hence ¢¢(ASzmbyn’) = n'z’'m'y'n’, i.e.
n' € m'.

In a symmetric way, we can define ®;-1: £3 — L, which would be a well
defined function too. We will show that ®;-1 = q);l which will prove that ®;
is a one-to-one correspondence. Let ®¢-1 0 ®4(S(m)) = S(n). Let ¢ (m’) = m’
and ¢;-1((n')®) = n for m’ ~ n/. Since n’ is a magic synchronizing word for
S, we have that m’z(n')8ym’ € F(S,) for some z,y. Then by (x) we have
that ¢;-1(m'z(n')Pym') = mmzinzemim for some 21 and z;. So i, n € m, ie.
m = n. By a symmetric argument we have that ®5 o ®;-1(S(m’)) = S(m’).

We end the proof by showing that ®; preserves the operations in £;. By the
definition, @ preserves V. Let m < n € &, i.e. S(m) C S(n). Consider # € n
and 7 € m that satisfy Lemma 1.11. Then there is z such that fizrh € F(S;) and
so A'zmt € F(S)) for all i > 0. Let ®4(S(n)) = S(n’) and &4(S(m)) = S(m’)
such that ¢;(A) = n/, ¢;(m®) = m'. Then ¢4(ASzm®) = n'zm’ € F(Sy) and
so m’ < n’. Now the proof follows from the fact that if S(m;) N S(m3) = S(n)
then n <m; and n < mj. [ ]



Vol. 106, 1998 REDUCIBLE SOFIC SHIFTS 233

COROLLARY 1.13: Let S; and S, be sofic shifts, f: 51 — S3 be a topological
conjugacy and ®¢: L — Lo be the isomorphism from Proposition 1.12. For
every sub-synchronizing subshift S', ®4(S’) is topologically conjugate to S', i.e.
fIS"=4(5).

Proof: Assume that 8’ = S(m) and 8" = f|S’. Then ®;(5’') = S(m’) for some
m’ € &. Let y € F(S”). We will use a similar argument as in Proposition 1.12.
If y is the empty word, m'y = m’ € F(S(m')). So we can assume that y has a
positive length, i.e. [y| = r+1 for somer > 0. Let 8 € S” be such that 8 = B; yf3;
withy =8+ B.. Let a = f~1(8), ie. fla)=Bandlet z=ca_g - g Qryk.
Then there is x € F(S’) such that mzz € F(S1), where 7 satisfies Lemma 1.11
and || = k. Hence mzz € F(S') and ¢f(hSz2) = m'y'y. So y € F(S(m')),
le. 8" CS(m') = ®4(5").

Conversely, assume that y € ®;(5’) = S(m’). Then there is z € F(Ss2) such
that m'zy € F(S2). Let 8 = 8~m/zyB™ be in S(m’) such that 8~ = ((m')* )
Then it follows from (x) that f=}(3) = a~a™ is such that o= = (h¥)~
a€S(m) =S5 and so g € f(5') and y € F(S").

The general case follows from the fact that the & preserves v. |

Krieger in [10] showed that if S is a sofic shift conjugate to Ss, then this
conjugacy lifts to a conjugacy between the graph shifts of the right Krieger
covers K(S1) and K(S2). With the following corollary we see that a similar
statement is true for sub-synchronizing subshifts and their synchronizing
deterministic presentations.

Let S7 and Sy be two synchronizing sofic shifts. Let Xy = (V1, E1, A1) and
Ko = (Va, E3, A3) be their right Krieger covers, respectively.

COROLLARY 1.14: Let f: S — Sy be a topological conjugacy, and S}, S} be
sub-synchronizing subshifts of 51, S, respectively. If f|S] = S}, then there is a
conjugacy ¢: Sg, — Sg, between the graph shifts S, S¢,, where G1,Gy are
the subgraphs of K1, Ky that are presentations of S, S} respectively.

Proof: Let f: S; — S, be a topological conjugacy. Let Aj: Sx, — 57 and
Aj: Sk, — S3 be the 0-block maps determined by the labeling functions A; and
A2, respectively. By Theorem 2.13 in [10] we have that there is a conjugacy
¢: Sk, = Sk, such that the following diagram commutes:

Se, —2 S, —2+ Sk, ~2— Sg,

A1|Scli A1l Azl ll\zlSGQ
. f )

gy —L s 5 Sy ~2— 8
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where 11,15 and 71, jo are the inclusion maps.

We will show that ¢ = ¢|Sg, is a conjugacy from Sg, to Sg,. By Corollary
1.7 and Proposition 1.10, there is a finite set of magic words M in S; such that
S} = S(M). Using Lemma 1.11 we can choose that all m € M have the same
length {{m| = k) and, as in the proof of Proposition 1.12, we can consider f as a
k-block map. Let m € Sg, and o = A;(n). Since Sg, is a graph shift of G;, by
Propositions 0.2, 1.5, 1.10 and definitions of magic words, for each ¢ > 0 there
are 79 € Sg, such that

@ =@ A e

and Ay (7)) = ... (m;)¥) " ysa_ip10_i42 - - -, where m; is a magic synchronizing
word in M. Since |AT'((m;)*)| = 1 (Proposition 1.9), A7*(Ay(x®)) = 7(9,
The sequence {7(V}$2, converges to 7, and since A; is continuous, {A; (7()}2,
converges to a. Then { f (A1(7r( )}2, converges to f(a) = B. The diagram
above commutes, so {¢(m(1))}%2, converges to ¢() and Az(¢(7)) = B.

Let 89 = f(A;(n®)). Then 8O = f(A1(x1)) = -+ (m})*)" 4B isrr1
Bitki2- .- arein Ss. Since [A;1(8®))] = 1 and the sequence {3(}} | converges
to B, we have that A7 (8%)) = ¢(x(?) is in Sg, for each i > 0. But Sg, is closed,
so the limit of {¢(7())}%2, is in Sg,, i-e. #(7) € Sg,-

By reversing the argument, ¢~ 1(7) € Sg, for each 7 in Sg,. ]

From Corollary 1.14 it follows that for. a given sofic shift S, we can consider a
lattice of covers of sub-synchronizing subshifts that is preserved by a conjugacy.
The elements of this lattice (also preserved by a conjugacy) are graph shifts
corresponding to the presentations of sub-synchronizing subshifts within the right
Krieger cover of §.

We note here that the proof of Corollary 1.14 also shows that if S is synchro-
nizing, then the set of sequences Y = {8 € S| Vi € Z,3j < i,050541- - is
synchronizing for S} is dense in S. This is a generalization of Lemma 2.5 in [10]
which proves the same statement for irreducible sofic shifts.

Examples: The purpose of the first three examples is to show different appear-
ances (or non-appearances) of magic and transient synchronizing words and sub-
synchronizing shifts. The fourth example shows two sofic shifts. The first one is
synchronizing and the second one isn’t, but both have the same zeta function and
the same entropy. There are several conjugacy invariants, and most would distin-
guish non-conjugate sofic shifts by distinguishing their irreducible components.
This example shows that the concept of synchronizing is a conjugacy invariant
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for reducible sofic shifts which can distinguish non-conjugate sofic shifts when
some other invariants may fail.

a a

—

Figure 1.
1.1. Let G = (V, E, A) be defined by

V——_-{l,2}, E:{(1,a,1),(1,b,2),(2,a,2)}

where the edges are given with (source, label, target) (see Figure 1). The only
synchronizing words of the sofic shift S presented with G are words of the form
a*ba' for k,1 > 0. The reader can verify that this presentation is the right Krieger
cover for this shift and thus there is no magic synchronizing word for S. This
sofic shift does not have any sub-synchronizing subshifts.

1.2. Let G be given with V = {1,2,3} and the edges are given with E =
{1,a,1),(1,,2),(2,0,2),(2,,3),(3,b,2)} (see Figure 2). The sofic shift pre-
sented with this graph has a synchronizing word ba. In this presentation ba is
both transient and magic. The sub-synchronizing shift defined by Mg = {ba}
is presented with the subgraph containing the vertices {2, 3} and is the so-called

even shift. The reader can verify that this is the only sub-synchronizing subshift
of S.

a

: (CXD—t— g\/j@

Figure 2.

1.3. Let S be a sofic shift presented with the following graph. The set of ver-
tices is V = {1,2,3,4,5,6} and the set of edges is E = {(1,¢,2),(1,b,3),(2,5,1),
(2,a,5), (3,a,3),(3,b,4),(4,b,3),(6,¢,5),(5,a,6),(5,¢,5)} (see Figure 3 (a)).
The reader can easily verify that this presentation is reduced, deterministic and
synchronizing. So S is a synchronizing sofic shift and so it is a sub-synchronizing
subshift of itself defined via the set Mg = {bc}. There are only three other sub-
synchronizing subshifts of S. One can be defined by Mg, = {ab}, the other by
Ms, = {ac} and the third by Mg, = {ab,ac}. The shift S; is presented with
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the terminal subgraph containing the vertices {3,4}, S; with the vertices {5,6}
and S3 with the vertices {3,4,5,6}. It can be easily seen that there are no other
sub-synchronizing subshifts of S. The lattice of sub-synchronizing subshifts of S
is presented in Figure 3 (b).

S

[

s/ \

va

{b)

Figure 3.
1.4. Let S; and S be presented with G; and G; as in Figure 4 (a) and (b), re-
spectively. Clearly, G; and G5 have same irreducible components, just ‘reversed’.

It can be easily seen that the presentation (a) of S; is synchronizing. The pre-
sentation (b) is contained in the right Krieger cover K; of S2 and the reader can
verify that T(K5) is the terminal irreducible component of the presentation (b).
So, S, is not synchronizing. The word cc is synchronizing for both S; and Ss,
but M = {cc} in the first case defines S; and in the second case defines a proper
subshift of Ss.

(a) (b)
b

b
C C
b

0O =0 0O =C0

b

Figure 4.
The entropy of a sofic shift S is defined to be the asymptotic growth rate of
the number of words in F(S) by

h(S) = lim %log Fa(S)]  where F,(S) = A™ N F(S).

It is well known that the entropy of a graph shift S is the logarithm of the
spectral radius of the adjacency matrix of G. It is also well known that for a
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deterministic presentation G of a sofic shift S, the entropies of Sg and S coincide
(see for example [1] or {12]). Using this fact it is easy to see that both shifts S
and Sy have entropies log 2.

The zeta function of a sofic shift S is defined by

e (5 5400)

n=1

where P, () is the number of periodic sequences with period n for the shift o in
S. It is known that this function is always rational for sofic shifts and it can be
calculated using adjacency matrices and permutations of vertices (see for example
[15], also [1], or [12]}. In this case, for shifts S; and S, one can calculate* that

(141t —3t2 — 43 + 3t° + %) (-t + 1)
(12 — 3t + 14 263)(1 — 212 +¢4)

Ct(Sl) = Ct(sz) =

2. The syntactic monoid of F(S)

In this section we give some general properties of the syntactic monoid of the fac-
tor language F'(S) which follow from the fact that F(S) contains a synchronizing
word. We refer the reader to [11] or [14] for the background on finite semigroups
and the Green’s relations.

A syntactic congruence ~, for a language L C A* is defined as follows:

Vz,y € A*,x ~p y iff V21,29 € A", 21020 € L & 21y20 € L.

The syntactic monoid Syn(L) of L is the monoid A*/.,. For z € A*, the
element of Syn(L) with representative « will be written as [z]. The operation in
Syn(L) is defined by [z][y] = [zy]. It is a well known fact (see [11] or [14]) that
L is regular iff Syn(L) is finite.

Throughout this section we assume that the sofic shift S is not the full shift,
ie. F(S) # A*. When F(S) = A*, the syntactic monoid Syn{A*) has only one
element and the full shift A% has only itself as a sub-synchronizing. Note also
that if the empty word 1 is a constant for F(S), then F(S) = A* and S = AZ,
So with our assumption, we also have that 1 is not a constant of F(S).

ProprosITION 2.1 ([2] and [7]): L C A* is an FPR language iff Syn(L) has the
following properties:

* This was calculated with aid of Maple V.3.
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(i) Syn(L) is finite.
(it) Syn(L) has a 0 such that {z] =0 iff z & L.
(iii) For all non-zero elements [z] € Syn(L) there are yy,y2, neither equal to 1
such that [yyzyq] # 0.

We will denote the syntactic monoid Syn(F(S)) shortly by Syn. Since it is a
finite monoid, the Green’s relations J and D define the same partition on Syn
and we will interchange D and J in our notation. If X is any of the Green’s
relations R, L, H, D or J, we will use the notation X, for the X-class of y. We
will write Xy, < X, if y <x 2.

Constants in factorial and prolongable languages, not necessarily regular, are
considered in [8]. Propositions 2.2 — 2.4 below hold in the more general case when
F(S) is not regular, i.e. S is not necessarily sofic.

PROPOSITION 2.2 ([8]): Ifm is a synchronizing word for S then Dy, is H-trivial.

PRrOPOSITION 2.3 ([8]): Let m be synchronizing for F(S). Then m is magic for
S iff Dy, is a regular D-class.

ProPOSITION 2.4 ([8]): Let m be synchronizing for S. If 0 # r € Syn is such
that D, < Dy, then r has a synchronizing word as a representative and D, is
not regular.

Now we can conclude:

COROLLARY 2.5: Let Z, = {[z]|z is a constant for F(S)}. Then
(a) ZI. is a group-free ideal.
(b) Z. has no non-zero idempotents iff S has no magic synchronizing words.
(¢) A non-zero D-class in T, is regular only if it is maximal.
(d) Every 0-minimal ideal of Syn is a subset of Z..

Proof: (a) Z. is an ideal since every extension of a synchronizing word in F(S)
is again synchronizing. Z, is group-free by Proposition 2.2.

(b) follows from Proposition 2.3.

(c) follows from Proposition 2.4.

(d) Let I be an ideal in Syn. Let x € F(S) be such that [z] = t. By Proposition
0.3 (c) there is y € F(S) such that zy is synchronizing for S. We take m = zy
and [m] = [zy] <g [z] =¢. Soif t € I then [m] € I. This implies that Z.N I # 0.
So if I is a O-minimal ideal, then F = IN7Z,. [ |

The above corollary is a generalization of Proposition 3.3 in [2] to the non-
irreducible case. There, it was shown that if S is irreducible (not necessarily
sofic), then Z is the unique 0-minimal ideal of Syn and it is H-trivial.
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With the following two propositions we show that the regular D-classes in Z,
are preserved with topological conjugacy.

PROPOSITION 2.6: Let my,mg be two magic synchronizing words for the sofic
shift S. Then m; = 1my iff D[ml] = D[mg]'

Proof: Assume that m; = my, i.e. there are 1, 2 such that mizyma, mezom,
€ F(S). Then myzymezamy € F(S). For every zi1,2o such that z1myzs €
F(S), since m; is synchronizing we have that zymizimezomizy € F{S). So
[mazamazamy] = [my], or Dipm,) < Dim,)- By symmetry, Dip ) = Dimy)-

Conversely, assume that Diy,} = Dpm,. By Proposition 2.3, D is regu-
lar. So there are [z1],[23] € Syn such that [myz1]R[mi], [mez2]R[m2] and
[myz1], [ma22] are idempotents. Then [mqz]D[mgzy] and there are z;,z5 and
y1,Y2 such that [zymiz122] = [mazp] and [y1mazaya] = [myz1]. But then
[mazemaza] = [z1myz1Z2mg2e] = [Maza]. So, mizizams € F(S). Symmetri-
cally mazoyom; € F(S) and hence m; = m,. |

Let S7, S be two sofic shifts and 7} and Z? be the ideals corresponding to the
constant words of the syntactic monoids of 57,53 respectively.

COROLLARY 2.7: If S; is topologically conjugate to S,, then there is a one-to-
one correspondence between the reular D-classes of I} and the regular D-classes
of T2

Proof: It follows from Section 1 that there is a 1-1 correspondence between the
equivalence classes of magic words of S; and the magic words of Sy. From Propo-
sition 2.6 it follows that there is a 1-1 correspondence between the equivalence
classes of magic words of a sofic shift and the regualr D classes in the ideal 7.
1

We end this section with the following characterization of the subshifts of finite
type. Let Z. = {[z]|z is a constant for F(S)}.

PROPOSITION 2.8: The sofic shift S # A% is a shift of finite type if and only if
[1] = {1} and the set of idempotents E = {e|e? = e,e # 1,e # 0} is a non-empty
subset of the ideal T..

Proof: Let S # AZ be a SFT and let n be such that every word in F(S) with
length > n is synchronizing. Let z € F'(S) be such that z € [1]. Since [1][1] = [1],
we have that [z][z] = [z] = [1], i.e. [z¥] = [1] for any k > 0. If |z| > 0, i.e. if
z # 1, then ™ and so the empty word 1 are synchronizing words for F(S). Thus
F(S) = A* which is a contradiction to our assumption that S # A%. So, z = 1.



240 N. JONOSKA Isr. J. Math.

Now we first note that Syn(S) has an idempotent e # 1 and e # 0. This follows
from Corollary 2.5 (b) since every SFT is synchronizing and thus contains a magic
synchronizing word.

Let e # 1 be an idempotent in Syn(S) with representative z € F(S). Then
lz| > 0 and so z" is a synchronizing word for S. But [z] = [z]z] = [2"] = ¢, s0
e €T,

Converse: Suppose that S is a sofic shift such that [1] = {1} in Syn(S) and the
set E = {e|e? = e,e # 1,e # 0} is a non-empty subset of the ideal Z.. Note
that 1] = {1} implies that for every = € F(S), = ¢ Hjy). Let « be a periodic
sequence in S, i.e. @ = y*. Then for all i > 0, y* € F(S). Since Syn is finite,
[v*]
2.5, [y*] € Z. is magic synchronizing. Let X be the right Krieger cover of S. By
Proposition 1.9, JA7!(a)] = 1, so we must have that k¥ = 1 and y is a label of a

is an idempotent for some k. By the proof of Proposition 2.3, and Corollary

unique cycle in K. Moreover, y must be a primitive word, i.e. y is not of the form
z° for some z and s. So every cycle in K is uniquely determined by its label.

Let n be the number of vertices in K. We show that every word in F(S) with
length n? + 1 is synchronizing for £. Let z € F(S) be such that |z] > n? + 1.
Assume that x is not synchronizing for K. Then there are two paths p =ep - - €,2
and p’ = g - - - €], with label A(p) = A\(p’) = = and targets t(p) = t(en2) # t(p') =
t(e!2). By the determinism of K, if e; = € then e; = e} for all i < j < n?. Since
p and p’ have different targets, e; # € for all 0 < i < n%. We consider the
pairs of vertices (v;,v]) where v; = s(e;) and v, = s(e}). Since there are only n
vertices, there are i and j (i < j) such that (v;,v]) = (vj,v}). But this implies
that y = A(e; - -ej-1) = A(e} -~ ej—1) is a label of two distinct cycles in X which
is a contradiction to the fact that cycles in K are uniquely determined by their
labels. Thus z must be a synchronizing word for X’ and, by Proposition 0.3 (b),
x is synchronizing for S. |

It is known that a sofic shift is a shift of finite type iff F(S) is a strictly
locally testable language (see [16]). A characterization of the syntactic semigroup
of a strictly locally testable language is given in [13]. This characterization is
equivalent to Proposition 2.8. Here, we give a different proof, using the properties
of K and magic synchronizing words.

Example: Tt is clear that strictly locally testable languages are group-free (see
[16], [17],) and so the syntactic semigroup of a factor set of a shift of finite type has
only trivial subgroups. But there are strictly sofic shifts (not of finite type) with
syntactic semigroups having only trivial subgroups. The shift presented in Figure
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1 is not a shift of finite type, but the syntactic semigroup of its factor language has
only three elements: {0, [a] = 1,[b]}, and it has only trivial subgroups. The ideal
T. = {0,[b]} has no idempotents other than 0. So the non-emptiness condition
of the set E in Proposition 2.8 is necessary. In this example we also have that

(] # {1}.

3. Sub-synchronizing subshifts and syntactic monoids

In this section we will characterize the sub-synchronizing subshifts of a given sofic
shift S by certain right ideals of the syntactic monoid Syn(F(S)) (or shortly just
Syn). We assume that the sofic shift S is not the full shift, i.e. F'(S) # A*. When
F(S) = A*, the syntactic monoid Syn has only one element and the full shift A%
has only itself as a sub-synchronizing.

We use a similar approach as in {7]. Let S’ be a sub-synchronizing subshift
of S and let G = (V,E, A} be a reduced deterministic presentation of S such
that a terminal subgraph T” of T(K) is a presentation of S’. Such T’ exists by
Proposition 1.3. Let C; = (V;, E;,\) (i = 1,...,k) be the initial irreducible
components of 77. Define V; to be the set of all vertices in G connected to V;, i.e.

Vi={ve V|3 €V;,Iz € L,v;x = v}.

We fix v; € V; and a magic synchronizing word m; for v;. Such m; exists by
the proof of Proposition 1.3.
Define ®;: V; — Syn(L) with Yw € V;

®;(w) = [miz] il vz = w.

Let I, = (I)l(‘_/z) U {0}

ProprosITION 3.1: For each i, j,
(a) ®; is a well defined one-to-one function,
(b) I is a right ideal and
(c) wy,wy € V; belong to the same irreducible component of T' iff ®;(w;) and
®,;(w,) belong to the same R-class in I;.
(d) Ifi # j then I; N 1; = 0.

Proof: The proof of all (a}—(d) follows the lines of the arguments in Section 8
of [7]. |

The previous proposition actually says that there is a one-to-one correspon-
dence between the R-classes of the right ideal I; and the irreducible components
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determined by V;, and that is a one-to-one correspondence between the elements
of the R-classes and the vertices of the corresponding irreducible component of
T

The R-classes (and the D-classes that they belong to) of I; that correspond to
the initial irreducible components C; will be called initial. Note that the initial
R-classes (D-classes) may also be terminal.

PROPOSITION 3.2: For [z],[y] € I;, [z] <g [y] iff there is a path from ®;*([y])
to ®;'([z]) in G.

Proof: = Let [z] <g [y]. Then there is a z such that [z] = [yz]. Since
[z],[y] € L, there are 2’ and y’ such that [z] = [m;z'] and [y] = [m;y’]. Then
[m;z'] = [m;y'z]. By the definition of ®;, there is a path from ®'([m,y]) to
&7 (fmge']) = @7 X([mey'2]) in G.

< Let v = ®7'([z]) and w = ®]!([y]). Let 2 be the label of the path from w
to v in G. Then by the definition of ®, [z] = [y2], and thus [z] <g [yl |

The previous proposition says that the initial R-classes are maximal R-classes.

Let I, = U, I;. Then I, is a right ideal (as a union of right ideals). It can
be shown (see [7]) that for all [z],[y] € I, if [zy] # 0 then [zy] = [y]. Note that
an R-class is initial in I, iff it is a maximal R-class in I,.. By Corollary 2.5 (c),
an R-class in I, is initial iff it is regular.

From the synchronizing deterministic presentation 7" we obtained a right
ideal I.. Now consider the converse; let I, be a right ideal of Syn. We de-
fine a graph G(I,) such that the set of vertices of G(I,) is I, — {0}, the set of
edges is {([z], e, [za])| (2], [za] € I. — {0},a € A} and the labeling is defined by
A[z],a,[za]) = a. The source of the edge e = ([z],q,[za]) is s(e) = [z] and
the target is t(e) = [za]. It is obvious that G(I,) is deterministic and that dif-
ferent R-classes in I correspond to different irreducible components of G(I,).
The graph G(I,) is not necessarily reduced. Let G™(I,) be the reduced graph of
G(I,).

ProrosITION 3.3: If I, = ULI I;, then G(I,) is a presentation of the sub-
synchronizing subshift S’ of S and G™(I,) =T'.

Proof: Let z € F(S'), i.e. let w; and w; be two vertices in T” such that wyz =
wsy. Then there is an initial irreducible component C; in T” such that there is a
path from v; to wy. Let v;y = wy. Then m;yz € F(S) and so [m;y], [miyz] €
I. — {0}. So in G(I,), [miylz = [m,yz], i.e. F(5') C L(G(I,)).

Now let z € L(G(I;)), i.e. there are z; and z; such that [z41], [z2] € I,—{0} and
[z1]z = [z2]. Since each I; is a right ideal, there is an ¢ such that [z}, [z2] € I;
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and [z,] <g [z1]. By Proposition 3.2 there is a path from ®; ' ([z1]) to @; ' ([z2])
and so z € F(9).

Let ¢ = [m] be an idempotent in I,. Then [m] is in an initial component
of G(I,). By definition of I, there is 7 such that [m;z] = [m]. Assume that
[y] € I, is such that ym € F(S). Then [ylm = [ym] = [ym.z] in G(I;). By
definition of ®;, ®;}(m]) = ®;Y([msz]) = ;' ([ymiz]) = ®;([ym]). This
implies [m] = [ym] and [m] is synchronizing for G(I,). So G(I,) is synchronizing.
Thus G7(I,) is synchronizing, reduced and deterministic. By Proposition 0.3 (a},
G'(I,)=T'. |

PROPOSITION 3.4: The sofic shift S has a sub-synchronizing subshift S’ iff the
syntactic monoid Syn of S has a right ideal I, satisfying the following two
properties:
(i) An R-class of I, is regular iff it is maximal in I,..
(ii) For all s,t € Syn and an idempotent e € I, if s <p e and t <p e then
0#£st< e
And in that case, G(I;) is a presentation of S’.

Proof: If §' is sub-synchronizing of S then we can take I, = Ule I; to be
defined as in the above discussion. In that case Corollary 2.5 (c) shows that
I, has the property (i) and Proposition 3.3 shows that G(I,) is a presentation
of §’. For (ii) we need to observe that every idempotent has a synchronizing
word as a representative and by taking e = [m], s = [zm] and ¢t = [my] we have
st = [gmmy| = [zmy] # 0.

Assume now that the syntactic monoid Syn has a right ideal satisfying the
properties (i) and (ii). We will show that G(I,) is a presentation of a sub-
synchronizing subshift S’. It is clear that every R-class of I. corresponds to an
irreducible component in G(I,-) and vice versa. Let e = [m] be an idempotent in
I,.. Then [m]jm = [m] in G(I,). So G(I,) is a presentation of a sofic shift (i.e. every
vertex in G(I,) has an edge coming in and an edge going out). m is synchronizing
for F(S): let z,y € F(S) such that xm,my € F(S); then [zm] < [m] and
[my] <g [m]. By (ii) we get that [xm][my] # 0, i.e. [zmmy] = [zmy] # 0 and
thus zmy € F(S). Thus m is magic for F(S).

Let M = {m € F(S)| [m] is an idempotent of I,} C M(S). Let S’ be the sub-
synchronizing of S defined via M. We will show that G(I,.) is a presentation of S’.
By the definition of S’ and G(I) it is clear that if y € F(S’) then mzy € F(S)
for some z and so y is in the right context of the vertex [mz] in G(I,), i.e.
F(S") c L(G(1,)). Xfy € L(G(I;)) then there are vertices [z1] and [z,] such that
[z1]y = [z2]. But there exists an idempotent [m] in a maximal R-class of I, such
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that [mz] = [z1], i.e. [mzy] # 0 and so y € F(5). |

COROLLARY 3.5: Let e € Z. be an idempotent and m be a magic synchronizing
word such that [m] = e. Let I, be the right ideal in Syn generated by e. Then
G(1.) is the minimal synchronizing deterministic presentation of S(m).

Proof: The proof follows from the fact that I. satisfies the conditions (i) and (ii)
from Proposition 3.4 and the proof of Proposition 3.4. Since m is magic synchro-
nizing, it is easy to see that if [mz] and [my] have same right contexts in G(I.)
then [mz] = [my]. So G"(I.) = G(I.), i.e. G(I.) is the minimal synchronizing
deterministic presentation of S(m) (by Propositions 0.3 (a) and 1.3). |

The above corollary together with Proposition 2.6 show that we can obtain a
synchronizing deterministic presentation for every sub-synchronizing subshift of
S from right ideals of Syn in Z,.. If &' = §(M) is a sub-synchronizing subshift of S
then S” = (J,em S(m). In this case, a synchronizing deterministic presentation
for 8" is G(J,c Ie) where E = {[m]|3m € M,m* € m for all i = 1,2,3,...}.

We need to point out that the regular D classes are in one-to-one correspon-
dence with the equivalence classes in £, but they don’t preserve the natural order.
It follows from Proposition 2.4 that if Djy,,} < Dip, for two magic synchronizing
words my, ma, then Dy, | = Dipm,y)- So the order m; < my in £ does not transfer
onto the corresponding order between the D classes.

A characterization of Syn if S is a synchronizing sofic shift was given in [7].
Proposition 3.4 allows us to give another characterization of synchronizing sofic
shifts. Let Z, = {[z]|z is a constant for F(S)}.

COROLLARY 3.6: The following four conditions are equivalent:
(1) S is a synchronizing sofic shift.
(2) Syn has a right ideal I such that
(2.1) for all non-zero s € Syn, Is # 0;
(2.i) for all s,t € I, if st # 0 then st =1t.
(3) Syn has a right ideal I, such that
{3.1) for all non-zero s € Syn, I.s # 0;
(3.i1) for all s,t € Syn —{0} and an idempotente € I, ifs < eandt <gpe
then 0 < st <j e;
(3.iii) an R-class of I, is regular iff it is maximal in I,.
(4) For all non-zero s € Syn, I.s # 0.

Proof: The equivalence of (1) and (2) was shown in [7]. We need to show the
equivalence of (1) and (3). But this follows from the fact that S is synchronizing
iff it is sub-synchronizing of itself, by Proposition 3.4 and the observation that
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the condition (iii) is equivalent to: G(I,) is a presentation of S. The equivalence
of (1) and (4) follows from the definition of Z,, Corollary 2.5 and Proposition 0.2.
]

We point out to the reader that condition (4) in the above corollary is essen-
tially equivalent to Proposition 0.2. If we compare the properties (2.i), (3.1), and
(4) we see that their only difference is in the ideals that they are referring to.
The significance of (2) and (3) is that, in case of synchronizing sofic shift S, there
are right ideals of Syn properly included in 7, with annihilator equal to 0.

In Corollary 3.6 we refer to two right ideals I and I,.. They are not necessarily
equal. T that satisfies condition (2} also satisfies condition (3), but the converse
is not necessarily true. So, a natural question is: how are I and I, related to
each other?

Let I be an ideal in Syn satisfying condition (2) of Corollary 3.6, and let I,. be
an ideal in Syn satisfying condition (3) of Corollary 3.6. Let Z be the union of
D-classes that have a common element with I and let 7, be the union of D-classes
that have a common element with I..

PROPOSITION 3.7: T is an ideal and T C I,. Moreover, if J is another right ideal
which satisfles condition (2) of Corollary 3.6 and J is a union of all D-classes
that have a common element with J, then T = 7.

Proof: We will show first that the maximal R-classes of I are regular. Let [z]
be an element in a maximal R-class. There is a [2] € I such that {2][z] # 0. So
[2z] = [z] by (2) (i), i.e. [z] <g [2]. But Ry, is maximal, so {z]R[z]. Thus there
is [y] such that [xy] = [2]. Consider [zy]{zy] = [2][zy] = [22][y] = [zy], i.e. [2] is
an idempotent in B[, and thus Ry is regular.

Next we show that maximal D-classes of Z are also maximal D-classes of Z,.
Since G(I,) is a presentation of S, for each z € F(S) there is an idempotent
[n] € I, and a y € F(S) such that [nylz = [nyz] in G(I,). Let [m] be an
idempotent of I. Then there is an idempotent [n] in I, and y € F(S) such
that [nym] € I, — {0}. But then there is a [2] € I (by (2) (ii)) such that
[z][nym] # 0. Since I is a right ideal, [2ny] € I. But [m] € I and, by (2)(i),
[zny][m] = [znym] = [m], i.e. [m] <; [n]. By Proposition 2.4, D) = Dy

Now we show that Z C Z,. Let [z] € I. There is an idempotent [m] € I such

that [m]z = [mz] # 0. But then [mz] = [z]. There is an idempotent [n] in
I, such that [n]D[m)], i.e. there are 21,2y € F(S) such that [21n2;] = [m]. So
[zin20z] = [z], i.e. [z] <1 [n2ez]. Since I, is a right ideal, [nzoz] € I,.. But

D(nj = Dy also implies that there are 21, 25 € F(S) such that [zjmzy] = [n] and
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80 [z12im2h2a2] = [z]. Since I is aright ideal [m2}22] € I, and so [mz)2](z] = [z].
But then [2]][z] = [z]mz)2z22] = [n2zz], ie. [nz2z] <f [z]. Hence, [nzox]L[z] and
D) = Dinzga) C -

T is an ideal: Let [z],[y] € Syn and [n] € Z. If [zny] = O then [zny] € T.
Assume that [zny] # 0. There is [n'] € I such that [n]D[n/] and so there are
Z',2" € F(S) such that [n] = [2'n'2"']. There is an idempotent [m] € I and
7' € F(S) such that [ma'][zz'n'2"y] # 0. Since I is a right ideal, [ma'z2'] € I
and [n'z"y] € I, i.e. [ma'zz'n'2"y] = [n'2"y]. So [n'2"y] <y [z2'n'2"y] = [zny]
and [zny] <r, [n'z"7y], Le. [xny]D[n'z"y], and so [zny] € T.

Finally we see that Z = J. Let [y] € J. There is an idempotent [m] € I
and z; € F(S) such that [mz][y] # 0. So [mz1y] <r [y]. But J also satisfies
the conditions (2) (i) and (ii), and hence there is an idempotent [m'] € J and
z9 € F(S) such that [m’zomz1y] # 0. Since J is right ideal [m’2amz1] € J, and
so [m'zomz ][y} = [y], ie. [y]L{mz1y] and [mz1y] € I. Thus D) C Z. By the
symmetry of the argument we have that Z = J. |

74
z

A right ideal I, satisfying condition (3) is in general larger than any ideal
satisfying condition (2). A right ideal I satisfying condition (2), by the Corollary
3.6, determines a unique ideal in Syn. That is the ideal that corresponds to the
unique minimal synchronizing deterministic presentation of S ([7]).

We end our discussion with the following illustrations of Propositions 3.6 and
3.7

Examples: 3.1. Consider the sofic shift presented in Figure 2. The syntactic
monoid of its factor language is presented in Figure 5. (The idempotents are
denoted by * and the square brackets are omitted.)

b

bb*

ba bab*

laba [ abab |

bba* bbab

Figure 5. The syntactic semigroup of the factor language presented in Figure 2.

The ideal Z; contains the D-classes Dyq, Dgp, and 0. The right ideal I, (Propo-
sition 3.4) is equal to Ry, U0 or Rpse U 0. There is no right ideal [ satisfying
condition (2) in Corollary 3.7.
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L] [
bbb
bca |aaca
ab abb* ac¥* aca -
bab* | ba cac* | caca* cbea | caa bc* | beb
*
bbab | bba* cc* | cca* che | cb
bcbb bcbbb
cbb chbb

Figure 6. The syntactic semigroup of the factor language presented in Figure 3.

3.2. The sofic shift presented in Figure 3 (a) has a syntactic monoid presented
in Figure 6. Since S is synchronizing, there is a right ideal I = RpcURpoeURpcbs UO
satisfying condition (2) in Corollary 3.6 and is generated by the idempotent
e = [bc]. Here G{I) is the same presentation as in Figure 3 (a). The ideal
generated by the constant words is Z, = Z U Dy, U Dy, where 7 is the ideal
obtained by taking the union of D-classes intersecting I. For the right ideal I
satisfying condition (3) in Corollary 3.7 we have few choices, like I, or 1 U Rgp, or
I'U Ry.. The sub-synchronizing subshifts S; and S, have presentations G(Rgp)
and G(R,.), respectively. For the third sub-synchronizing subshift 53 = §; U S,
we have a synchronizing determinisitic presentation G(Rap U Rqac)-

4. Discussion

To end this paper we would like to point out several observations about synchro-
nizing sofic shifts. By reversing the definitions of deterministic and synchronizing,
we can introduce notions of co-deterministic and co-synchronizing presentations.

We define a co-deterministic presentation of a sofic shift to be a pre-
sentation G such that the incoming edges at each vertex are labeled distinctly.
Similarly, a co-synchronizing presentation is a presentation G with the fol-
lowing properties: for every vertex v there is a word m, such that every path
in G with label m, starts at v. We say that S is co-synchronizing if it has a
co-synchronizing presentation.

Clearly, the definitions of co-synchronizing and co-deterministic presentations
are symmetric to the synchronizing and deterministic ones. Thus every property
of synchronizing sofic shifts can be reversed for the co-synchronizing shifts (by
reversing right Krieger cover to left Krieger cover, right ideals to left ideals,
terminal subgraphs to initial subgraphs ...).

The definition of synchronizing words for a sofic shift S is symmetric and
intrinsic. The same is true for the magic words. So, we have that the set of syn-
chronizing (magic) words for S coincides with the set of co-synchronizing (magic)
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words. But there are synchronizing sofic shifts which are not co-synchronizing
(see [7]).

An interesting case is when a sofic shift has a presentation which is both syn-
chronizing and co-synchronizing. We call these presentations bi-synchronizing.
It was shown in [9] that if an irreducible (or a shift of finite type) has a bi-
synchronizing bi-deterministic presentation Gy, then this presentation is unique
minimal in the following sense: Let G be any other irreducible presentation (in
case of SFT, any other presentation). Then there is a 0-block map f from the
graph shift Sg to Sg,, such that the following diagram commutes:

S¢ —L—~ Sa,,

o e

S:S

But there are irreducible SF'T with no bi-synchronizing presentations ([7]).

It was shown in [7] that bi-synchronizing presentations are unique (up to a
graph isomorphism) with a minimal number of vertices. An irreducible sofic shift
is almost finite type (see [3]) if it has a unique minimal cover such that every
other cover factors through it (as in the above diagram), not necessarily with a
0-block map. It would be interesting to see if bi-synchronizing sofic shifts (which
are not necessarily irreducible) have the same property. The difficulty in this
case arises from the fact that bi-synchronizing presentations are not necessarily
deterministic nor co-deterministic (not even left or right closing, see [3]).
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